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RATIO PROPORTION,

INDI CES &§ LOGARITHM

-

RATIO (writtenas x: v
Comparison of two or more things of same kind

X ——— First term or antecedent
Y &— Second term or Consequent

Ratio is expressed in lowest terms. E.g. 10:6 = 5:3
Order of Ratio is Maintained. E.q. 4:3 # 3:4

Ratio exists with quantities having same unit (& kind).
To Compare Ratios, convert to equivalent Fractions

TR 75 Convert into
o 233 &4:5 ) CE R el
Y bz 7 fraction

Compare

Step 1: 3 : 3, Multiply by 3 both sides, we get, 7:9

Step 2 : For, 7:9 & 4:5, Take LCM and compare

7.4 _ 5x7:4x9 _, 35.36
9°5 T 5x0 5x9 45’45

4:5 is larger ratio compared to 7/3 : 3

| » If a quantity increases or decreases in ratio a:b
o New quantity = b/a of original quantity a
o b/ais factor multiplying ratio
© Put b as the Higher term if increasing and lower
term if decreasing. (refer to question)




Q : If Sachin used to eat 10 pizzas in a month but has
now reduced in the ratio 3:5, How many pizzas does
he eat in a month now?

o 10x3 = 6Pizza's (3 is written above as
5 pizzas were reduced)

Inverse Ratio - a:b & b:a are inverse as product is 1.
Duplicate ratio of a : b is a: b?

Triplicate ratioofa: bisa’: b’

Sub-Duplicate ratioofa: bis Va: vb
Sub-Triplicate ratio of a: b is 3vVa: 3vb
Commensurable : If the terms of the ratio are

integers, E.g. 3 :2

Incommensurable : If the terms of the ratio are not
integers, E.g. V3 :v2

Compound Ratio of a:b & c:d is ac : bd.
Continued Ratio of three similar kinds is a:b:c.
Greater Inequalityofa: bifa>b (E.g. 7 : 5)

Less Inequalityofa: bifa<b (E.g. 3:4)




An equality of two ratios, Here, a & d are extremes

whereas ¢ & d are mean terms (or middle terms)

d is also called fourth proportional

Cross product rules says if a/b = ¢/d, then ad = bc
© Product of extremes = Product of means

Continuous proportion of a, b, ¢ (same kind or unit)
o a:b=b:c=>b*=ac

o Here, b is mean proportional betweena & c

E.g. Mean proportional of 16, 25 is

o b?=16x25=>b*=400=>b = 20

Properties of Proportion, if, a:b = c:d, then

b:a = d:c (Invertendo)

a:c = b:d (Alternendo)

a +b:b = ¢ + d:d (Componendo)

a-b:b = c-d:d (Dividendo)

a+b:a-b = c+d:c-d (Componendo and Dividendo)

If a:b = c:d = e:f =...., then each of these ratios
(Addendo) is equalto (a+c+e +...):(b +d + f+--)
Q.if2/3 =4/6, thenif2/4 =3/6is Alternendo

Q. ifa/4 = b/5 = c/9, then (atb+c)/3 is given by
o Suppose,a/4 - b/5 =c/9 = k
=(4k + 5k + 9k)/9 = 2




e aisthe base and n is the power or index
e Note:ifais Real -{0}and n =0, then, a" =

e Law 1:amxa"=amn e Law 3:(am)" = agmn
e Law2:am/an = am™" e Law 4:(ab)" = anb"

|+ Negative Power:a™" = 1/a"
|+ Equal Power: If, ax = ay, then, x = y

. Roots (or Fractional index)
va= ()"’ Va = (a)""

x+y)5xx—y)’k)
{ Y Y } Solve the question

Jx+yxJx+y)?

{(X ¥ Y)z/ 3 X (x.—-y)3/2 }6 Roots are written as

o power of 1/2 and red
(x+ y)l/ 2 X (x~Y) /2 mark according to law 2

i {(x +y)*

(x+ y)3} = x+y)*"7 =(x+y)

Power 6 goes inside bracket and gets multiplied
according to Law 3

Question for Reference




Helps to find power or index to which base must be
raised to produce the number on other side.

E.g. if, 2X = 10; x can be written as x = log,10.

If ax = n, where a,n > 0 and a#1, then x = logan
Note :a°=1=loga1 =0&a' =1=>log.a =1

logamn = logam + logan | loga(m/n) = logam - logan
loga(m)" = nlogam logpm + logmp = 1

Change of Base can be done with following formula
logam = logpm x logap = logpm = (logam/logap)

Trick to Find Log of any number (n)

1.Type number (n) and press root (V) for 15 times
2.Subtract 1 from above result
3. ande the end result wuth number O 000070274

If x = Iog.n, thenn = antllog,x

Trick to Find AntiLog of any number (n)

1. Multiply the number (n) with 0.000070274
2.Add 1 into the result above
3. Press "Multiply & =" for 15 times.







If Equality true for certain value of variable,
Conditional Equation
o 2x+ 3y =8 (istrueonlyifx=1&y =2)
If Equality true for all value of variable, Identity
o (x+2)+ (x+3)=2x+5

e An Equation of the form ax + b = 0, where a,b are

constantsand a # 0

Q. A student had to divide half of no. by 6 and the other |
half by 4, and add, but mistakenly divides the whole
by 5. If answer is 4 short from correct, what's the no.?

‘Way of Approaching question Let the number be x

Incorrect way Difference

Take LCM and
solve for x




Elimination Method
o Reduce two variables into one by operating over
equations (addition/subtraction)

®3x—y=2 6x—2y=4 7x=14
@x+2y=10 x+2y=10 x=2

Multiply @ by 2 Additto @to  Solving, we
eliminate y get x

© Putx = 2in either M or @ togety

e Cross Multiplication Method
o Given,ax;+by;+c;=0&ax;+by,+c,=0
o Result

X s y 1

bjc; —byc;  ¢a; —ca;  ajb, — azby

o Solution

i b1C2 — szl e C1d2 — (G4

X

a;b, —azb, a;b, —a,b,




are constantsand a # 0
© b = 0= Pure Quadratic Equation
°o b # 0= Affected Quadratic Equation

—b + Vb? — 4ac
0=
2a
 Sum of Roots, a + 3 = -b/a
e Product of Roots, . = c/a

» Constructing a quadratic equation |
o x* - (Sum of Roots)x + (Product of roots) = 0

Nature of Roots, b’ - 4ac is discriminant, D
b’-4ac=0 Real & Equal Roots
b?-4ac >0 Real but Distinct Roots
b?-4ac<0 Roots Are Imaginary

D = Perfect square | Real, rational and unequal roots |

D # Perfect square | Real, irrational and unequal roots |
i




Cubic Equation

 An Equation of 3rd Degree, ax’ + bx’ + cx +d = 0
Method to Find Root of Quadratic Equation

« if roots of Cubic equation are a, 3, y

e Sum of Roots,a+ B +y = -b/a
e Product of Roots, a.B.y = -d/a

e a.B+B.y+ay=c/a




Time Value of money : Sum of Money received in
future will have less value than at present.
Opportunity Cost : Lending incurs opportunity cost
due to the possibilities of alternative use.

Inflation : Given amount of money buys fewer goods
in future than it will now.

Liquidity Preference : People prefer to have
resources that are cash convertible.

Risk Factor : Borrower may go bankrupt, Thus it is
determinable factor for Rate of Interest.

Interest : Cost of borrowing or the return on
investment, expressed as a percentage.
Principal : Initial amount of money borrowed or

invested before interest or returns.
Rate of Interest : It is the percentage at which
money grows or the cost of borrowing.

Accumulated Amount : The total sum of principal

and interest after a specified period.




e ltis a fixed percentage of the prnncupal amount, paid
or earned over time without compounding.

» Directly Proportional to Principal Amount (P), Rate of
Interest (i or R/100) and Time (T).

Q. Certain sum amounts to Rs. 15748 in 3 years at simple
interest at r% p.a. The same sum amount to Rs. 16,510 at
(r + 2)% pa. simple interest in the same time. What is r?

Way of Approaching question Let the Principal be P
2nd Case : P for 3 Years at
(r+2)% with A = 16510

16510 = P(1 + r+2).3
100

1st Case : P for 3 Years
at r% with A = 15748

15748 = P(1 +_r ).3
100

Divide both the cases

15748 = P(1 +_r ).3
100 15748 = (100 + r )

16510 = P(1 +r+2).3 16510 = (100 + r+2)
100

Solve forr




Let Principal = 1000, Interest = 5% (or 0.05) & T = 2.
* Simple Interest Calculated

o First year Interest = 1000 x 0.05 = 50

o Second year Interest = 1000 x 0.05 = 50
* Compound Interest Calculated

o First year Interest = 1000 x 0.05 = 50

= Principal now becomes 1050

o Second year Interest = 1050 x 0.05 = 52.5

e Total Simple Interest = 100 whereas total

102.5.

Compound Interest =

Annual Interest Rate R

' ~ Conversions Per Year (m) ~100.m
Interest = An— P =P [(1+1)" o 1] \Conversion

Per year

n is total conversions, i.e. T x conversions per year

Conversion Per year (m)
* 365 (Compounded daily)
e 12 (Compounded Monthly)
e 4 (Compounded Quarterly)
e 2 (Compound Semi Annually
1 (Compounded Annually)

Conversion period
B | * 1Day

. |+ 1 Month

|« 3 Months

e 6 Months

1 Year




Q. In what time will ¥4,000 amount to 4,410 at 10%
per annum interest compounded half-yearly.

Way of Approaching question Let the Time Period be T

We know, n = T x conversions per year = 1 x 2

4410 = 4000 (1 + —x—) )

100 2

(‘ Conversions

Princ ).gi
Accumulated rnciy Interest per year

money

_ EFFECTIVERATEOF INTEREST(E)
* Ifinterest is compounded more than once a year,
then effective rate of interest exceeds per annum

interest rate.

Relation of Nominal &
Effective interest

Other way of computing
m = conversion per year

Q. The effective rate of return for 24% per annum

convertible monthly is given as: :
v Conversions per year

_ 24)(1)12
E—(*‘m 12

w_ _ Conversions per year




ANNUITY

=y '~'~v x 5
et e R L i S il B et wmwwawm

When we pay (or receive) a fixed amount of money
periodically over a specified period of time.
When Payment takes place forever, it's Perpetuity.

For a recurring payment to be Annuity,
© Amount must be constant

© Time interval of two payments must be same.

Annuity

e

Annuity Annuity due or
Regular intermediate

|

First payment at First payment in
end of the period the first perlod

~ FUTURE VALUE

il Tl e A —. A o s i

® Cash value of an investment in future

Future value & Single e
cashflow are related as F.V.=CF. (1 s l)

T = Time Period ;C.F. = Cashflow ;F.V. = Future value




Q. You invest $10,000 at §% for 2 years than what will be
the Future value of money invested after 2 year.

2

F.V.= 10000 (1 4+ Lo
AANT ( +E'6) \ Approaching

( Interest Time
Cash Flow Period

question

P e T AT A

~ FUTURE VALUE OF ANNUITY REGULAR

e e e . iy B i e S, P A A i

If A be the periodic payments, the future value A(n, i) of
the annuity is given by *i should be

) T used in decimals
A1) A[( ) ]

n = no. of
payments

1

Q. $500 is invested at the end of each month in an
account paying interest 12% per year compounded
monthly. What is the future value after 9th payment?

12 1 9

o % 9

(1+0.01)° -1
0.01

A(9,0.01) = 500(




Future value of annuity due or intermediate = Future

value of annuity regular x (i+1)

Step-1 Calculate the future value as though it is an
ordinary annuity.
Step-2 Multiply the result by (1+ 1)

* To distinguish between annuity reqular and annuity
due/intermediate, search the question for keywords.
o Starting of the year/month : Annuity regular
o End of the year/month : Annunty Intermedlate

PRESENT VAI.UE

e il Lt el 0

e Value of future money in the present

Present value Formula
A, = Amount due at end of n
period at rate i.

Q. Find the present value of 5000 to be required after 4
years if the interest was 7%?

5000
(1+0.07)*

P.V.=




V=

(1+1)“—A 1.(1+1)“

Q. The present value of an annuity of ¥80 a year for 20

years at 5% p.a is
Way of Approaching question A = ¥80;i=0.05;n =20
(1+005)2°—1]

0.05.(0.05 + 1)20

P T T T Ty

~ PRESENT VALUE o ANNUITY INTERMEDIATE/ DUE

V—80[

. i Y e e e e s, ot e e S

'. Step-1 Calculate the Present value of n-1 period of

| annuity regular

| Step-2 Add the initial cash payment (A) to the step 1
Q. Your Papa gives you ¥10000 every year starting from
| today for next 5 years as a gift. So, you invest it at the

| interest rate of 10% in mutual funds today morning. What
| should be the present value of this annuity?

‘Way of Approaching question A = 10000;i=0.15;n=5

Step 1 : Present value for 4 Years i.e n-1
V =10000 x P (4, 0.10) = 31698.70

Step 2 : Add one cash payment to above
V = 10000 + 31698.70 = 41698.70




Sinking Fund Fmﬂcredntedfonspociﬂepmpm ;

R

Sinking fund deposited is A = P.A(n, i)

| Here, P = Periodic Payment and A = amount to be saved

Application: Leasing

Financial arrangement under which the owner of the
asset (lessor) allows the user of the asset (lessee) to
use the asset for a defined period of time(lease
period) for a consideration given period of time.

: Easy Example : A company has a machine worth 5 Lacs, it
can lease out at 2 Lacs P.A. for 4 years, If company
invests the rent at 14% P.A., is leasing favourable’)

T e e e S P TS

Apﬁlucﬁinon Capttal Expendrture 5

» Capital expenditure means purchasing an asset today

in result of benefits of tomorrow which would flow
across the life of the investment.

Easy Example : You buy a factory worth 10 Crore by
borrowing money at 10% interest, if you generate a return
of 3 Crore every year, Will you be able to recover the
cost in 4 years?

To Check whether Buying an asset/Leasing is favourable
or not, Check for the present value of the amount with
given interest and periodic cash for fixed period of tim




e A bond is a debt security in which the issuer owes the
holder a debt and is obliged to repay the principal

and interest. Bonds are generally issue

To Calculate present value of bond,
I I | [ B.1.

A+ Q+0Z A+ Ta+or T AT on

e Here,I = Interest amount provided by issuer,

e B.l. = Bond value

* i = Interest Percentage that investor requires

RSt 5)]
IR

e When you get annuity for unlimited amount of time

PVA, = é A=Particular amount received
. ; PVA = Amount to be Paid to get A

Growing perpetuity means the periodic installment is
increasing with fixed interest rate

20




Net Present Value (NPV)= Present value of cash
inflow - Present value of cash outflow

e RULE : To make decision

o |f NPV > 0 Accept the Proposal

o If NPV <0 Reject the Proposal

\Cans

e Fasy Example : You invest 1,00,000/- in a machine
and expect a return of 30000 in 1st year, 80000 in
2nd, 50000 in 3rd, is it worth investing?

Check for the present value of the all the returns with
given interest and add them all to get NPV.

| To find the annualized
- . Fl .

| gain of an investment CAGR =i = (__
over a given time period

V,, = End Period Vi, = Beginning Period







PRUTAT!ON &
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Fundamental Principle of multiplication

R o4

If one task can be completed in m ways and another

task (independent of first task) can be completed in
n ways (after first task has ended)

o Total ways in which both tasks can be performed

simultaneously is m x n

| » Easy example : if there are 12 gates to enter haII &

exiting is allowed from a different gate.

o Since remaining gates to exit are 11

© Total no. of ways:12x 11 = 132

Factorial Notation:n!

Product of several consecutive integers
© n!=n.(n-1).(n-2).(n-3)....3.2.1

o n!=n.(n-1)! = n.(n-1).(n-2)!

o Example:8!=8x7x6x5x4x3x2x1.
Remember that 0! = 1and 1! =1

Permutations (Order Matters)

Anangement of objects in a specific order

-.n;czxp =

o (nn|r)l SN = 1) {n=2) e (n—r+1)

;zs,uzi : n ; Objects taken : r (0 < r < n)

23




e Remember, "P,= n! and "P;=n
« Easy Example : 8 People participate in competition :
What are the ways to give gold, silver and bronze.

o Since the order matters and only 3 people can be
selected out of 8
o °P; = 336 ways to give medals
e Easy Example : 10 Students are arranged in such a
way that the Tallest and Shortest never come
together.
o a = Total arrangements without condition = 10!
o b = Arrangements to keep Tallest and Shortest
together = °Pg x °P, = 9! x 2!
o Conditional permutation =a-b = 10! - (9! x 2!)

 Circular Permutation

‘

T !
{ * Permutations in Circular Arrangement &X— 5 4

| * Armangement of n things in n places.

[ )

Linear Permutation Circular Permutation

"P.= n! (n-1)!
| * The number of ways ¢ The number of
arranging n persons in necklaces formed with
round table (no person n beads of different
has two same neighbours)| colours)
1 (n-1) = 1(n-1)
= =\n-1) = n-1)!
A2 e 24




| &, Pormutntion with tntrlctlon

PO e B,

1.No. of Permutations of n objects taken r at a tume

when a particular object is not taken in any : "'P,

« Easy Example : Ways to serve 6 Plates of Pasta to

10 people, if one doesn’t eat maida.
o Total ways °'P¢ = %P,

2. No. of Permutations of n objects taken r at a time

when a particular object is taken in all : "'P,_,

« Easy Example : Ways to arrange 10 students when

tallest and shortest are never together.

o Total ways ("°"'Py0-1).2P,

R

[_ Combmatlons (Order Doesn't Mattel')

e Selection of objects without arrangement.

I
C(n, r) or"C_= L where, (0<r<n)

r'(in—r)!

Remember nCo - nCn - 1 & an — nCn_r

e Easy Example : Ways to hire 3 Employees out of 10
applicants. = Total ways to select : °C;

Note the following results

n+1cr —_ ncr i nCr_1 npr = n-1pr + r.n-1pr_<I

25




Permutation with REPETITION involved

e ndifferent objects taken r at a time when each object
may be repeated any no. of times is n".

e.g. 7 letters and S letter-boxes, Total ways to put letters
Every letter has 5 boxes to choose : 57

Permutation of ALIKE Objects

n different objects all at once p objects are of 1st
kind, q objects are of 2nd kind, then ways : n!/(p!q!)

e.g. Ways to arrange 'SWALLOW' = 7!/(212!) = 1260

Combination Standard Results

e n different Objects taken all or some at once = 2"-1

n Objects taken all or some at once, n, are alike, n;
are alike & ns are alike = (ny#1) x (N2+1) x (n3+1)-1

If we have to select the combination such that r
things to be selected from n, and t things to be
selected from m. Then, total selections are "C, x ™C,




A : .‘s 3 ‘s e r“ ’
b \E ; l : 3

* Sets: A well-defined and well distinguished
collection of objects. Notation being,
© Set — Capital alphabets
o Elements (inside set) = Small alphabets

Important Signs
= there exists : such that
| such that : and ﬂ
A4 forevery/forall |E€ belongs to
€& | doesn't belongsto [= implies
= Subset iff if and only if
s Roster form

* Elements separated by comma & enclosed in braces.
* Elements not repeated

® Order of writing a set doesn’t matter

E.g A={a, e, i, o u}or {e,i,a,u, o}

Set Builder form ]

fv-\—-/.,

:o‘:»mElements of a set possess a common property. e.g.
~ © A = Set of vowels in the alphabet series
o - B = {x: xis a natural numberand 5 < x < 10} | 27

g s -
B oy %A et
A ' 3




e e e et s et e e e~

 Few lmportant sets

* N : Set of All Natural Numbers
» Z:Set of All Integers

* Q: Setofall Rational Numbers ¢ “A“‘
* R:Set of Real Numbers \W

» Z+: Set of All Positive Integers

e Q+: Set of All Positive Rational Numbers

« R+ : Set of All Positive Real Numbers
Special Sets

* Empty/Null Set : Set with no elements. Represented
by {1, ¢.
| * Singelton Set : Set with only one element.
|+ Finite Set : Set with Finite no. of Elements.
~ |+ Infinite Set : Set with Infinite no. of Elements. e.g. N,
l z,qQ,R
* Universal Set (U) : Containing all possible elements.
 Equal Sets: A=B, if every element of Ais in B
* Equivalent Sets : finite sets, if n(A) = n(B)
Disjoint Sets : When no elements of A occurin B

Subset, Superset and Propertles R

e Superset: ACB : B is superset of A
e Subset: ACB: if & only if all elements of A are in B.

o fACB&BCASA=8B

- o Every Set is a subset of itself. A € A
- © Null set ¢ is a subset to all sets.




' i el mr
llffa ' ITEC ] e)| .

* Number of distinct elements in a set.
* Represented as n(A), O(A), |A| for a set A.
o Cardinality of A = Set of Vowels is §

Venn Diagram

UNION INTERSECTION
AUB = {x: xEA orx€B} | ANB = {x: xXEA and xEB}

D |G

| A B
DIFFERENCE COMPLIMENT
A-B = {x : x€A and x&B]} Ac=U-A

2

Sets with no common element are called Disjoint

A B




I —— ——— -——

Laws of Sets

e n(AUB) = n(A) + n(B) - n(ANB)
o IfANB = ¢, then, n(AUB) = n(A) + n(B)
« n(AUBUC) =n(A) +n(B) + n(C) - n(ANB) - n(ANC)
-n(BNC) + n(ANBNC)
o If A,B,C are disjoint: n(AUBUC)=n(A)+n(B)+n(C)
* n(A-B)=n(A N B =n(A) - n(ANB)

Cartesian Product of Sets

* Ordered Pair : Two elements a & b listed in specific
order, written as (a,b)
* Cartesian Product of sets : Set of ordered pairs (a,b)
such thata € A & b € B is cartesian product (A x B) .
o AxB={(a,b):a eA&beB}

g oL
(1,x) (2,x) (3,x) @f SetB
(1y) (2,y) (3.y) ‘




e Relations : A subset of A x B defined as (R: A — B)

Total Relations from A = B ; 2n(AxB) — 2n(A)2n(B)
— e .__.__.._1

Classiﬂcation of Relatlons, R A—>A={1 2 3}

* Identity Relation:|={(a,a),a €A}
o e.g.R={(1,1);(2,2);(3,3)}

e Reflexive Relation : (a,a)ER
o e.g.R'={(1,1);(2,2);(83)i(12);(32)}

e Symmetric Relation : (a,b)ER, = (b,a)ER; 2,bEA
o e.g.R:{(1,2);(2,1);(1,1))}

e Transitive Relation : (a,b)ER; &(b,c)ER; =(a,c)ER;
o e.g.Rs:{(1,2);(23);(1,3);(22))}

e NOTE : Every Identity relation is a reflexive relation
but every reflexive relation need not be an Identity.

« Equivalence Relation : If a relation is Reflexive,

Symmetrlc and Transntlve

| | ' Inverse Relation |
- |f Relation R is defmed on A, then there exnsts R -1

such that

o R'={(b,a):(a,b) €R}

o Here, Dom(R™) = Range (R)

o Range (R™') = Dom (R) 31




Dot_ngln and Range of a Relation

R et L i e A i B R b W .. s et e - S

. IfA {1,2,3,4} & B ={4,5,6} and we define,
o Ry={(1,4), (1,5), (2,4), (3,5)} (Relation)
o Domain ={1, 2, 3} and Range = {4, 5}

« In General,
o Dom(R)={a:(a,b) €R}
o Range (R)={b:(a,b) €R}

* Functions: A relation £A—B
- Is considered function if
0 Every element of Ais

Domam and Range of a Functlon |
} &B=1{4,6,9, 16} and f(x) = x2
\ f={(24),(39),(4,16)}

» Domain={2,3,4}
® Range ={4,9, 16}
e Co-Domain ={4,6,9, 16} I 32




if x1) = f(xz)

:>X1 =28 A
>
Followed b‘)
one one Many one
(Injective) (Surjective)

I Codomain = Range : Onto I
Codomain # Range : Into

One-One + Onto Function is Bijective

n

. < 2 1 0% P ﬁ—a—"«v "
.n{_‘ -}.\‘.q":".:\: 15
< 2 e T A B e

. IdentityFunctionI :A>A:l(x)=xforallx €A
e One-One Function with Domain A & Range A
« Constant Function : Let f : A - B such that all
elements in A have same image in B.
» Equal Functions : if two functions have same
domain & they satisfy condition f(x) = g(x), for all x.
« Inverse Function : if f: A>B is one-one & onto,
then there exists f' : A—>B, for which,
o ix)=y=>1(y)=x

- o Inverse function is also one-one onto

33




B Let - A = B and g: B - C be two functions. Then the
function gof: A - Cdefined by

o (g0f) (x) = g (fix) ¥ x EA
. f{x) =2x*; g(x) = 3x = fog = f(g(x)) = 2(3x)* = 18x*

LIMITS AND CONTINUITY

R —

Concept of RHL and LHL

(%) =li-lo.il f(a—h) Left Hand Limit

= <__/ = Limit Exists l__
: 34




Alg—ebfa of Limits

(a) li_rg(f +g)(x) = limf(x) + limg(x)
(b) )l(i_rg(f —g)(x) = limf(x) - limg(x)
(c) lm(c-f)(x) = climf(x) [c is a constant]
(d) lim(fg)(x) = limf(x)- lim g(x)
£ lim f(x)
@ i D)o 220
- x—a g lim g(x)
lim(f0)" - 1m o)

Some Important Limits

- — In(1 + x
==1 lim ( )=1
x—0 X
n n
. X —a %
lim=——— =na™*
x—-a X—4a

35




CONTINUITY

N A

. . ° V = X
Continuous Discontinuous gy Sl
VB B =
> —> \ ~+—t >
- RICET
SN X —e

e —— . T i P e e A e e e N e e e e A

Continuity at a point

A function is said to be continuous at a point if,
» If f(a) exists and x'ig‘. f(x) = xl_if;l f(x) = f(a)

e Sum, Difference & Product of two continuous

functions is a continuous function

* The quotient of two continuous functions is

continuous provided denominator is not equal to

Zero.




Some Terms

d1, A2, a3... A, are in sequence when numbers follow a
particular order or law.

Some Important Sequences

Natural Numbers 1At B
n odd natural numbers EE S 74 ke
n even natural numbers 20565800
Squares of natural no. Jgons A2 s
Sequence of (1/n) U1/ 251/35/4 =
Sequence of 1/(n+2) /3 /AR 5517/ 68

Series

Adding elements of sequence forms a sequence,
© ay+ap+a;s..+amare in series.
* Finite Series : Number of terms are finite
o e.g. First 100 natural numbers
* Infinite Series : Number of terms are infinite
o e.g. All Integers

e IfS,isthesumofntermsofa
series then, it is equal to z ap or Z an
r=1

D




Arithmetic Progression (A.P.)

Series:a,a+d,a+2d....... a+(n-1)d
\ — Nth term
Common Difference d = a;-a; =az-a; = a4 - a;..
| nth term of series (t.) [a + (n-1)d]
:
Sum of series * Sn=(n/2)[2a+ (n-1)d]
(€ = last term) * Sn=(n/2)[a+¢]

Arithmetic Mean (A.M.)

* Arithmetic mean of two numbers a & b is (a+b)/2
* A.M.of nnumbers: (a; + a, + a3...+ an)/n

Geometric Progression (G.P.)
Series : a, ar, ar?, ard........ ar™!

ris common ratio " Nth term
nth term (T..) ar"™
Common Ratio (r) r=(Any Term / Preceding Term)

* Sn=a(1-rm)/(1-r),ifr<1
Sum of series * Sn=a(r-1)/(r-1),ifr>1
® Sh=na,ifr=1
Provided |r] > 1 & Gl
Nn—c = d=r

Geometric Mean (G.M.)

* Ifa,b,carein G.P. then,b/a=c/b=b?=ac
* Here, b is called Geometric mean of a and ¢




Some Important Results

4 n(n + 1)
Sum of Natural Numbers Zf
r=

n
Sum of the first n odd 2
ok =N
natural numbers Z-ll(zr 1)
f—
n
Sum of the first n even er =n(n+1)
natural numbers

‘I_Sum of the squares of the irz _n(n+1)(2n+1)
~ first. natural numbers - 6

$p3 _[nin+1 2
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Differentlal coafﬁclent

=

. The mstantaneous rate of change of a functlon wuth
respect to the dependent variable.

e ify=1f(x)and h be _
small incrementinx, | f'(x) = lim fx + h})l f(x)

~then derivative of f(x)

. Theabove is denoted as f'(x), dy/dx or df(x)/dx and
o known as dlfferenual coefficient

8. Al

ncti_on lssald to be differentiable at x = ¢, if
rivative f'(c) exists.

Some Standard Derivatives




Product i(uv)= : dv du
Rule dx dx dx

Division ¥ ﬂ iy dv
Rule Gl U aX dx
v#0 a V 3 VZ

Chain Rule

di (f(g00)) = F'(g(¥) . g'(x)
X

| Addition/
~ |Subtraction

(f(x) + gx)) = Ed—(f(x» + 4 (g)
X dx

Constant
Rule

w

ad— (k f(x) = ki (£00)

RS TN e P ST Vw YL -

Denvatlve of a functuon of funct‘ion

o if,y = f[h(x)],

M&W SRR A d A sl G

QY o
then&—‘a—a;—f(t))(h()()

o heret = h(x)

e Example:

y:

log(ax? + b) = logt




~ DIFFERENTIATION OF IMPLICIT FUNCTION
When in a function the dependent variable is not
explicitly isolated on either side of the equation

Working Method

e Every term of f(x, y) = 0 should be differentiated with
respect to x

* The value of dy/dx should be obtained by rearranging
the terms.

x‘+y3-3x2 = (

4x3 i ( ) P
dy 4x° — 6xy
dx 3x2 - 3y?

e e e e .

~ DIFFERENTIATION OF PARAMETRIC FORM

EXAMPLE

e bt o il s i e i s s o I AR Al R S ST ,,e—..tm.ﬂ_,.» aec,&—u” S SEEEVEEREr S SRS

if x = f(t) and y = g(t), then dy _ dy/dt

. dx@wdxyidt
‘ Example, x = a(6 + sinB) and y = a(1 - cos0)
.
i‘!-;iﬁ.: asin@ =tan9-

dx dx a(l+cos0) 2




o ify = x*(or any function with power in terms of x),
then take log both sides to form
o logy = x.logx
o Now, dufferentlate wrt x

e To find Gradient of Curve, Differential f(x) w.r.t x
» Now put the coordinates of (x,y) in the equation

Applications of Differential Calculus (1

. |+ Cost Function : Consists of two parts
| o Variable Cost V(x) & Fixed Cost F(x)

Total Cost  C(X)
Output X

Average Cost (ACor C) =

Variable Cost V(X)

Variable Cost (AVC) = =
Average Variable Cost (AVC) OFoht x

Fixed Cost _ F(X)

Average Fixed Cost (AFC) = TS T

* Marginal Cost : If C(x) is total cost of producing x
units, then increase in cost of making one more unit is
marginal cost, given by dC/dx.

Marginal Cost (MC) = 3
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1. Differentiate the functlon f( ) to fmd f (x)
2.Set the Derivative to 0 and solve for x to find critical
Points (values of x for which slope of curve is zero)
3.Find f"'(x) by differentiating f'(x)
4.Put critical point values in f"'(x)
a.f'"(x) < 0; then function has local maximum
b.f""(x) > 0; then function has local minima
c.f""(x) = 0, further investigation needed
9. To find maximum or minimum values, Put value of
critical point in f(x) and compare.

Applications of Differential Calculus (2

* Revenue Function : R(x) represents total turnover
after selling x units at a price P = R(x) = P.x

* Marginal Revenue : Rate of change of revenue with a
unit change in output. = M.R. = dR/dx

* Profit Function : P(x) represents the difference
between Revenue & Total cost = P(x) = R(x) - C(x)

-r Marginal Profit : Rate of change of profit with a unit

change in output. = M.P. = dP/dx
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~ INTEGRAL CALCULUS

Basic Integration
jO.dx =G jl.dx=x+c
Ik.dX=kx+c Iexdxzex+c
n+1
1
nd = X s
Ix X n+1+C I;dx |Ogex+c
+c=a"log,e+c

Basuc Theorems

Jicfoo~ K[ fodx

SRS A s s e

( f f(x)dx) f(x)

I[f(x) :t g(x)] ax = I f(x)dx £ Ig(x)dx

'ntegfatior\ by Parts st e s -

B - )- 2] v e —

. Orderll.ATE (Inverse circular, logarithmic, Algebralc
m9°“°m9tﬂ0, Exponentlal) -
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| Method of Substitution with Examplb
[ ut z = f(x) and also adjust dz = f'(x).dx
y= [ (3x+4)*.dx,Let3x+ 4 =

Differentiate, 3.dx = dz = dx = dz/3

A

z5 (Bx+4)°
3x +4)%.dx = =—=
J e f s WW
Two Classic integrals L §

e UMMM ST S T m

o [ex (f(x) +f (x)) dx = exf(x) +c
. J'(f(x ) + xf(x)) dx = x.f(x) +c
standard subStltUtlons e " T

1 X—a
I-__dxxz—-az -2alog = +C

1+ 1 a+Xx
I-;—:;z-d)(—za|og P +C

Isz-t-a’dx:-’-‘-sz +a° +-a—z-log
’sz -azldx sz az --2- log

X+ VX2 + a2
X +Vx% —a?

g=C

+C




In R(x)/g(x), factorize g(x) and then write partial fractions

1. Non-repeated linear factor in the denominator
1 A 5 B
(x-a)(x-b) x-a x-b
2. Every repeated linear factor in the denominator.

A B C D
A Y SR R * 2N 3 Y2 -b
(x-a)’(x-b) (x-a) (x-a) (x-a (x-b)

3. Non-repeated quadratic factor in the denominator

1 Ax+B €
+

(ax? +bx +¢)(x —d) 3 ax’ +bx+c¢c x-d

|

J; bf(x).dx = L cf(x). dx + fc bf(x).dx

[:f(x).dx = Lbf(a +b —x).dx

Application of Integral Calculus

e Cost Function : C(x) = [(Marginal cost).dx
‘| * Revenue Function : R(x) = [(Marginal Revenue).dx
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NUMBER SERIES

* Identify the missing number from the series using a
pattern or code. Types Discussed Below

* 4,16,36,64, _,144,196

Squares of numbers with gap of 2

(ZT B TR R ¥
ORDS S a6 HIRS i 0T i 02 42

127,064

Cubes of number starting from 1

&0 % 3
ol w2 37 4

o Arithmetic) |
Series

. Geomet@
Series
o) 25, 125, 625, 3125

1,4, 10, 22, _ (governed by Previous no. x 2 + 2)

X2 +2 X2 +2 x2+2 x2+2

Y G
o1r, 4T,, %,'22, a6




f AR £ IR T Series
OF 33 1O 8N 20 =] S 30

i YA A
x2 +1 x3 +2 x4 +3 x5 +4 Combinatuoﬁ

30812, 172,30
+2 +3 +4 +5 +6 Iternatina |

IR I 1 3
o 2, s 17 365 Series

| « Can you Solve These Series?
a2, 3,3, 9, 10,13, 39,2, 172, 177

. Y0 V5 vy r ’ !
b. 10, 12, 22, 34, 56, 90, ? @//
c. 7,15, 29, 59, 117, 2 0[ﬁ

p?u d 8,13, 21,32, 46, 63, 83,7 ﬂ

3
£a: . A X - \ A
[ Jamil o ISR el el L R A T 2 X < : A ENCOAT, e
[~ - b it S l-. "n ek [ ."," —lite o x . : L o - BA N ] £y '." S +
3 SRS P, N g o s TR YU, e v SR m A A R R SO
ik i - = WY s "V""“' eSS A s Wi ‘ I~ S 3 e \eh3 gt
PRI \ oy i N R S S T R oy
v » J
.
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e When there are few words, numbers or letters are
given to you, such that all have a relation except one.

Selec'tthe Odd one out
° 10 14 16, 23, 28, 30

016 zs, 36, 62, 144, 196, 225
- = 62asitis not a perfect square




Alphabet

Number

Alphabet

A

1

N

V| Oo|N|O|lO | |G

-
o

—
="

-
N

-
(N

N|l<|[X|S|<|c|[=|n|o|O|9|0
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AI.PHABET SERIES
* Series of particular set of alphabets forming pattern.

¢ Series:PMT,00S,NQR,?
o First Alphabets : P=O=*N (Decreasing by 1)
o Second Alphabets : M=*O=Q (Increasing by 2)
- © Third Alphabets : T=S=*R (Decreasing by 1)
© By this : Last set of alphabets is MS Q

LETTER SERIES

¢ Series of small alphabets forming apttern. e

*» Series:a_caa_bcc_aabbb_cc
- o Firstblank is b, since it will create series of




- |+ If MONKEY is KMLICW, then ORANGE is ?.
Code for MONKEY is 131514 11525 D

© Code for KMLICWis 111312 9 323

© Code for ORANGEis15 18 1147 5

o Code for new wordis 1316 25 5 3 D
New word is MPYLEC

Type 1 : When numerical values are assigned to words

e |f '"GLOSSORY' is coded as '97533562' &
'GEOGRAPHY' as 915968402' then '"GEOLOGY' ?
o From above we elucidate,

O — S, L/, Y2

o Code for GEOLOGY is 9157592

Type 2 : Number to letter coding

e In acertain code , a number 18462 is written as
BETKO and 7935 is written as RAHU. How is 43857
written in that code ?

o From above we elucidate,
o 4-T,3H,8—E, 5—U, 7—R

o Word for 43857 is THEUR




0 06060 00
e e — Sy

e Linear Arrangement
0 0606 06 00
W,

e T T
000 000

e Two Row Sequence
@

[

e Circular Arrangement ®

Polygon Arrangement

-+

A B C D E

* Immediate Left : Just left side of Reference pit.
o A is immediate left of B
e Immediate Right : Just Right side of Reference pt.
o Cis Immediate Right of B
e To the Left : Moving towards left from Reference pt.
o A, B, C, D are tothe left of E
e To the Right : Moving towards Right from Reference.
o B,C,D,Eare to the right of A E




In Between : Object or Positions located in Between.
© Bisin between A and C.

i S

Type 1 : When Direction of facing is not known

“y
| e
B

There are five houses P, Q, R, S, T. P is immediate
right of Q and T is immediate left of R and immediate
right of P. Q is on right of S. Elucidate the pattern.
@® Q P (immediate right of Q)

@ P I R(Timm. right of P and imm. left of R)

@ S Q P (Since Q s right of S)

© Final Elucidation:S Q P T R

Type 2 : When Direction of facing is known

Five boys are standing in a row facing East. Pavan is
left of Tavan. Vipin and Chavan to the left of Nakul.
Chavan is between Tavan and Vipin. Vipin is fourth
from the left. How Far is Tavan to the Right?

o—— Pavan

2 o— Tavan
@ Pavan is left to Tavan o

o——> Tavan

s O———0m~b Chavar
@ Chavan b/w Tavan & Vipin Er
& Vipin is fourth left to Pavan

o——> Pavan
o—> Tavan

@ Vipin & Chavan to the o—— Chavan
left of Nakul o= Vipin

o—— Nakul ﬂ
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Double Row A Arrangements

Right

left F

e A is sitting Opposite of F
e D& C are srttmg dlagonally opposite.

Right e [Left movementis
I clockwise rotation
e Right moment is Anti-
Clockwise Rotation

. EightPemonsA B,C, D, E, F,G&H are sitting
amnnd clrcle, facing the dlrectlon opposnte to center,

Anti
Clockwise



DIRECTION INDICATED
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Some Questions on Direction SQnso = j -

7 .'-‘

4 , e A man walks S km toward south and then turns to the 1
right. After walking 3 km he turns to the left and walks
S km. Which direction is he from the starting place?

Start % nwo N NE
4 SW from & X

s km /3 Km the start
| sw g SE

e One morning Udai and Vishal were talking to each
other face to face. If Vishal's shadow was exactly to
the left of Udai, which direction was Udai facing?

o Since Sun rises from the East, Shadow will be

formed in West.




Mother's or Father's son Brother
Mother's or Father's Daughter Sister
Mother's or Father's Father Grandfather
Mother's or Father's Mother Grandmother

| Son's Wife

Daughter in Law

Daughter’s Husband

Sonin Law

Husband’s or Wife's Sister

Sister in Law

Husband’s or Wife's Brother

Brother in Law

Brother's or Sister’s Son Nephew
Brother's or Sister's Daughter Niece
Uncle’s or Aunt’s Daughter/Son | Cousin

Brother's Wife

Sister in Law

Sister's Husband

Brother in Law

Grandson'’s or Grand daughter’s
Son/Daughter

Great Grand Son/
Daughter

L T

g~

FiE :

59
5 5l
; ol
Sht el g



|| Some Questions on Blood Relations el
| » Aisthe mother of B, Cis the son of A, D is the brother|

of E, E is the daughter of B, Who is the grandmother
of D?

Brother
E €&—D

Grandmother

Daughterl 3
B other A Mother o

Son

B is the husband of P. Q is the only Grandson of E, |
who is the wife of D and mother in Law of P. How is B |

related to D? |
Wife

D € “ Mother in Law
Father/Son lMother

B ——— P

- Grandson Husband

Kailash is
either son or

B (son) son-in-law.

£ /Uncle




STATISTICAL DESCRIPTION

e Statistics, in plural, encompasses qualitative and
quantitative data for analysis. In singular, it is the
scientific method for collecting, analyzing, and
presenting data, drawing statistical inferences—a
'science of counting' or 'averages.’

Economics

e Overlapping areas: Time Series Analysis, Index
Numbers, Demand Analysis

e Econometrics: Positive interaction between
Economics and Statistics

e Socio-economic surveys and analysis use various

statistical methods

Regression analysis crucial for future projections in

Economic planning S0 20p og

Business Management

Past: Decisions based on hunches, intuition, and trial
Present: Complex business environments demand

quantitative techniques
Decision-making combines statistical methods and

operations research




 Statistical inferences from samples crucial for
developing criteria

» Statistical decision theory analyses business
strategies and their alternatives &P

Statistics in Commerce and Industry VJ'L

e Modern industrialists and businessmen use statistical
procedures for expansion

» Data on sales, raw materials, wages, and similar
products are collected and analysed

e Expert consultation to maximize profits N

| ation of Statistics |15
S,
e Study of Quantitative data only =

e Study of Aggregates only
* Homogeneity of Data, an essential Requirement
* Results are True only on an Average
* Results may Prove to be Wrong
Can be used only by experts

3 | PRSINTRER T 4 V27 GV ihice
el 110N C 1 A1
L

On the nature of data, we can define data as

© Quantitative Data : Represents Numeric Values
covering measurements, Counts & Ratings.

o Qualitative Data : Represents Characteristics
covering opinions and Descriptive information.

e To Analyse qualitative information, it needs to be
converted into quantitative information (into the

numerical form) 62 I




Discrete Variable l Continuous Variable

e Only specific e Any values can be
values can be taken taken in

e No.ofcarsin  Height
parking lot e Temperature

e No. of Children in e Time
family e Weight

1.Primary Data
* Data collected for own's purpose.
* Collected from source of origin
e E.g. Surveys, Interviews, Experiments. =—__
2.Secondary Data : l , I
» Data collected already exists. il
» Collected for for some other purpose
 Obtained from Published and unpublished reports.
* E.g. Government Reports, Academic Studies &
Historical Records.

Collection of Primary D n4ways

Dlrect Interview OQO
Interview Method Indirect Interview @é_) Q

Telephonic Interview

» Telephonic interview is the fastest but may have
high number of non responses ' I




Mailed Questionnaire Method @
It involves a well-drafted questionnaire sent to
respondents

Covers important aspects with pre-paid stamps and

guidelines
Wide coverage possible, high risk of non-responses

Observation Method

A
&
Collects data through direct observation/instruments

Considered best method but is time-consuming.
Limited coverage, suitable for specific, focused data.

Questionnaires filled and sent by enumerators
?

Questionnaire method used for larger surveys l
Enumerators collect information via direct interviews

Questions explained to respondents for collection.

Sources of Secont

International sources: WHO, ILO, IMF, World Bank.
Government sources: CSO's Statistical Abstract,
Ministry of Food and Agriculture's Indian Agricultural

Statistics, etc.
Private and quasi-government sources: IS, ICAR,

NCERT, etc.
Unpublished sources from research institutes and

researchers.




» Statistical analyses rely on accurate & consistent data

» Scrutiny is essential, requiring intelligence, patience,
& experience

» Errors may occur during data collection,
needing careful observer scrutiny

» Internal check crucial for related series of figures

R e s T 1 bon 4 2 In pe . T L o
o 11 g 2 ) 1 | b
A - SR e WYy = ="

e Collected and verified data must be presented neatly,
emphasizing essential features. I

» Common methods of presentation includes =«
tables, graphs, charts & visualisation

Objective of Classification

Simplification & Briefness Comparibility

Statistical Analysis Makes Data Understandable
Classification of Data

Chronological or Temporal or Time Series Data :
Classifying monthly sales over past year into intervals
of quarters or seasons.

Geographical or Spatial Series Data : Classifying
population data into North, South, East, West groups.
Qualitative or Ordinal Data : Classifying survey
responses into satisfied, Neutral, & Dissatisfied.
Quantitative or Cardinal Data : Classifying test
scores in grade ranges o 5|




e v

e Textual Presentation
o Data presented using paragraphs in textual form

o Common in official reports

o Statisticians avoid it for being dull, monotonous,
and lacking comparison

o Not recommended for complex classifications.

Tabulation

o Tabulation defined as systematic presentation
using statistical tables

o Includes rows, columns, reference numbers, title,
row and column descriptions, and footnotes.

* Diagrammatic Representation of Data
o We will consider I/\//:

= Line diagram
= Bar diagram
= Pie chart.

Number of times the data value occurs
E.g. : No. of times a word appears in a document

s e ”f;'f .~

Data where individual values and specific identity's
are important.

* Recording the order details for an ecommerce brand

in which customer details are unique.
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~ Line Dnagram/ Histogram

T -1

Line diagram used when data vary over time
Each paur of values (t, yt) plotted on the 5 Yt plane

Bar Dlagram

Two bar diagram types: Horizontal for qualitative,
Vertical for quantitative data.

* Multiple, Component, Divided Bars for comparisons

o B Male [ Female
40

30 30
20 20
10 10 . l

Mon Tue Wed Thu Fri Paan Choco Mango Vanilla

No. of Hot dogs sold per day Favourite Ice Cream Flavour

Pie Duagram

- |+ Apiechartis used to represent and compare
' components of a whole in a visually circular format.

To Find Central Angle, use

n o
Tota Ix3<§0

Pie charts show proportions
intuitively; bars depict individual
values distinctly.

Favourite sports among students

-Badminton M Cricket Wl Basketball M Vollyball & Syim:




 Frequency Distribution

e Tabular representation of statistical data
» Total Frequency distributed among classes/intervals.
e Usually in ascending order

Classified by ¢ l . Classified by
Category 2 Types Intervals

Ungrouped Frequency Dlstnbutlon ;

Dlscrete variables | No. of Children Frequency
Data set 1 2
representingno. [ > 3
of children in family:
2, 00003, 2:9.2: 1. 2 “
3,4 4 3

Grouped Frequency Dlstnbutlon

vanables Heights Fncy
set 150 - 160 2 |
160 - 170 r 5 |
170 - 180 ' 3
lasses in grouped - Range
distribu , on Class length

Largest - Smallest Number
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Class Limit : Maximum and Minimum values of an
interval, E.g. : in 100-200, 200 is Upper Class Limit
(UCL) and 100 is Lower Class Limit (LCL)
Class Boundaries : It is used to establish a common
boundary between adjacent Classes.

o In case of Overlapping class interval, Class

boundaries and Limits are same.

Lower Class Boundary (LCB) = LCL - D/2

Upper Class Boundary (UCB) = UCL + D/2

o where D = LCL of next class interval - UCL of

given class interval.
Class Mid Point = (LCL + UCL)/2 = (LCB + UCB)/2

Width or Size of Interval : UCL - LCL = UCB - LCB

'umulative Frequencies

Defined as running total of frequencies

Frequencies Less than More Than
12 12 l S0 l

”—
9 21 > 38 §_ b

14 35 |= 29 |8
S o

10 45 10 &

5 50 5 ,t

Total = 50




 Graphical Representation of frequency distribution

e Histogram or Area Diagram
o 2-D graphical representation of continuous
frequency distribution.
o Areas of Rectangles o< Frequencies
* Frequency Polygon
o Used for single frequency distribution.
o For Group distribution, width of the class interval

should be same.

e Ogives or Cumulative Frequency Graph
o By Plotting cumulative frequency against

respective class boundary, we get ogives.
o Two types : Less than type ogives & More than

3 Grouped Frequency Distribution

'1 ous variables Heights
i e 150 - 155 2
' 1585 - 160 2
160 - 165 3
165 - 170 1

- 170175 4 ﬂ




| Grapﬁiégl_ R;breseﬁtétibh of fretjdency distribution

Histogram or Area Diagram

150-155] 27| €°
© 4
155-160| 2 B A
160 - 16S| 3 ; 2
165-170| 1 5 1
170-175 | 4 150 1585, 160 165 1700 175
Height (in cm)
Frequency Polygon
R 1525 | 2 £,
el
1575 |2 g 3
1625 | 3 g -
8
167.5 1 £
< 152.5 157.5 162.5 167.5 172.5
172.5 4 Mid points of Height (in cm)

=

~ Ogives or Cumulative Frequency graph

nterval | Less |More
‘ : 1 A

SR SHNA e Sl I

N BO®S D

150 155 160 165 170 175

Height (in cm) n

Cumulative Frequency
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Frequency Curve

Histogram or Area Diagram
e Frequency curve: smooth, unit area curve, a limit of
histogram/frequency polygon.
* Obtained by drawing through mid-points of histogram|
rectangles.
>
fa: Bell Shaped Curve
b * Represents distribution
> of height, weight, etc.
© e Peaks in the center,
% gradually declines at
o extremes.
Class Boundary
| ‘;_ U - Shaped Curve
U-shaped curve: minimal 3
frequency at center, g)
~ increases steadily >
~ towards extremities. =
e Example: Kolkata-bound 3
‘commuters during peak £
hours. Class Boundary




J Shaped Curve

e J-shaped curve: starts with minimal frequency,
gradually peaks at the other extremity.

e Example: Kolkata commuters from early morning
to peak morning.

Frequency Density

Class Boundary

| Mixed Curve

We may have a combination of these frequency
curves, known as mixed curve.

Zlass Boundary
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Definition

Statistical concept representing the midpoint or

average of a dataset through mean, median, mode.

Arithmetic Mean

» Sum of all observations divided by no. of observations
e A.M. of n numbers : X = (X1 + X2 + X3...+ Xn)/n

s X; g
e — = ,where n = no. of observations
fx
X = ZP; ! where f = Frequency & N = Zf,

Above formula is used in case of grouped frequency

The following formula can also be used

Z Xi—'A
h; ' x C whered; = —c5

Properties of Arithmetic Mean

x=A+

¢ |If all observations assumed by variable are constants,
k then AM is also k.
¢ |If all observations are added, subtracted, multiplied
‘ by k, then AM is also done same way.
Algebraic sum of deviations from AM is zero. ﬂ




e AM is affected due to a change of origin and/or scale,
if x changes to a variable y with relation y = a + bx,
then the AM of y is given by y = a + bX.

e Combined arithmetic mean of two observations n; &

n;X; + NpX;

n; +n,

Median - Partition Values

* Itis positional average defined by middle most value
when arranged in ascending order.

n;is given by ¥ =

In case of grouped -21\1 — N,
frequency | M= 1, + X C
distribution, Nu = Nl

|+ | : lower class boundary of median class

®* N = Total Frequency; N;and N, are cumulative
frequency corresponding to |, and |,

*» C = Length of median class = |, - |

Median of Individual Series

| : Arrange the data in ascending or descending order.
Il Find Median
o |f nis odd, then Median = value of the
(1/2)(n + 1)th observation
© If nis even, then Median = mean of the (n/2)th

and (n/2 + 1)th Observation




Median of Discrete Series

| : Arange the data in ascending or descending order.
Il : Prepare the cumulative Frequency table
lll : Median is the observation whose cumulative
frequency is equal to or just greater than N/2, where
N = sum of frequencies.

Properties of Median

if x and y are related as y = ax + b, then median of y is
Yme = @ + bXme

e Sum of absolute deviations is minimum when taken
from median

Quartiles or Partition Values
Median Quartiles
B e e
M Q Q Q;
Dividing in 2 Parts Dividing in 4 equal Parts

e Similarly, Deciles divide in 10 equal parts
e Percentiles divide in 100 equal parts

e k* quartileis k.(n+1)/4 term . ol
ks decile is k.(n+1)/10 term e Eapel
k™ percentile is k.(n+1)/100 term

For Gr data Ny = N]
o n IOUped. : M — ll + ( P G ) X C
| Nu—N
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'Measure of Dispersion

TR T TN Y T OSSN ee o
- ]

= 23

A can be mean

1 1
= E IX; — Al or — E filxi — A| ormedianor
n n any no.

e Value that occurs maximum number of times

In case of

frequency dist.

e Where [ = the lower limit of the modal class i.e. the
class having maximum frequency;

e f, = frequency of the modal class;

e fo = frequency of the class preceding the modal class;

e f, = frequency of class succeeding the modal class

e h = width of the modal class

Mode of Individual Series

The number occurring the most frequently in the series

Mode of Discrete Series

By looking to that value of variable around which the
items are most heavily concentrated.




 DISPERSION

Definition

Central tendency measures the center of a dataset
(mean, median, mode), while dispersion assesses its
spread or variability(range, variance, standard deviation).

Absolute & Relative measure of dispersion

| » Absolute measures are : Range, Standard Deviation,
: Mean Deviation & Quartile Deviation, while |
| » Relative measures define Coefficient of above )

NOTE

Absolute measures are tied to variable units; relative

measures are unit-free.

® For distribution comparison, prefer relative over
absolute measures.

Relative measures are complex to comprehend

RANGE,R=L-S

Range = Largest - Smallest (values of set) ..
* In case of grouped frequency, Range = Upper limit of |
highest class - Lower limit of smallest class.

Coefficient of Range

s e L

B ﬂltlsihe relative measure L-S . 100
. ofmnge given as L+S

e R e s B




Origin shifts don't impact the range, but a scale
change affects the range proportionally.
if x and y are related as y = a + bx, then R,=|b| x R,

MEAN DEVIATION

Average absolute difference between each data point

and the mean of the set.
A can be mean

1 1 :
3 lxi = Al or _Z filxi b AI or median or
n n any no.

Coefficient of Mean Deviation

Coefficient of _ Mean Deviation of A x 100

Mean Deviation A

A can be mean or median or any no.

Properties of Mean Deviation

* Mean deviation takes its minimum value when the
deviations are taken from the median.

~=Jt remalns unchanged due to a change of ongln but




 QUARTILE DEVIATION

Interquartile Range Q3 - Q;

\
{

Quartile Deviation (Q; - Qq)/2

Coefficient of Quartile Deviation

| Coefficient of quartile deviation
| is a pure number independent of
| the units of measurement

it v s A LT S M et L L o b SR
o A1}

Qs - Q4

m x 100

v A

B
\
e

5’:
"
¥

| ¢ Quartile Deviation gives the amount by which two

| quartiles differ from median

|+ Insymmetrical Dist.,, Q, = Q.D. +Q; & Q; = Q.D. + Q,
I.e. Q; & Q3 are equidistant from median

Median * Q.D. covers exactly 50% of data

STANDARD DEVIATION

Measure of data dlspersmn lndlcatlng average
distance of each point from the mean.

* Root mean square deviation from the arithmetic mean |

In Discrete Values In Continuous Values

ng(x‘-i)z e \/Zfi(x,—i)“
n N

Vananee Square of Standard Deviation = s

Co efficient of Variation

Coefficient of Variation (C.V.) = (5.D/A.M) x 1
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Properties of Standard Deviation

If all the observations assumed by a variable are

constant i.e. equal, then the SD is zero

SD remains unaffected due to a change of origin but
o ify = a+bx, then, sy = |b| sx

Properties of Coefficient of Variation

When smaller, Distribution is said to be less variable
or more consistent, more uniform.

Coefficient of variation can be used to compare the
variability of two or more sets of data even when
expressed in different units of measurement.

Relationship between SD, MD, QD

4S.D.=5M.D. =6Q.D.

Relationship between SD, MD, QD

for n Natural
numbers

08l

2 2 2 2
n,;s,” +n,s,” +n,d;" +n,d,
n,+n,




» Correlation analysis checks if two things (like profit
and investment) are linked, considering various
correlation measures.

» Inlayman terms, To stay healthy, food if,

o Junk : Negative Correlation (Opposite Direction)
o Healthy : Positive Correlation (Same Direction)

e Two-variable information, like marks in stats and
maths for a class of students.

e
vJ'r

> MARKS IN MATHS
I 0-4 | 4-8 | 8-12 |12-16|16-20| Total
1 1 2 4
e o
<! 1 4 5 1 1 12
7Y 5
z 1 2 - 6 1 14
a1l 1 3 2 5 11
|
< “"i‘;’ i 1 5 3 9
| B 3 8 15 14 10 0

- Suf ing the above Bivariate Data, we can
gelntate two types of Univariate distribution




Marginal Distribution

Marks

Students

0-4

4

4-8

12

8-12

14

12-16

11

16-20

9

Total

S0

Marks in Statistics

Condition Applied J

Methods to Study Correlation

Conditional Distribution

Marks

Students

0-4

2

4-8

8-12

12-16

16-20

Total

15

Marks in Statistics for

students having marks
in Maths 8-12

Scatter diagram, Here r = Correlation Coefficient

r=1

Perfect Positive

r=-1

Perfect Negative

Curvilinear

No Correlatfi:?! |

e 7 S s, S Ll 5 S
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Methods to Study Correlation

* KARL PEARSON’S PRODUCT MOMENT
CORRELATION COEFFICIENT

For two observations, x and y,

Cov(x,y)  where, cov = covariance
== RIS
Y S XSy & s = standard Deviation

2(% -X) ;) _ XY Xy

n n

e cov(x,y)=

2Xy if:i

i In case of frequency

e Cov(xy)= distribution

—-XXy

A Single Formula to compute the Coefficient

e N2 Xy; —2X; X2Y;
T




Properties of Correlation Coefficient

Unit-free measure.
It remains invariant under a change of origin and/or
scale of the variables under consideration depending
on the sign of scale factors.
o Ifxandyarerelatedtou&vasx=a+bu;
y = c +dy, then
" ny = (b.d.rw)/Ibl|d|

Always lies between —1 and 1

Methods to Study Correlation

SPEARMAN'S RANK CORRELATION COEFFICIENT

© Beauty, intelligence etc. cannot be measured with
numerically, thus we use spearman’s rank

: 6Xd’

Gi — A

o Givenas r, n(nz =)
= di = x - y;, difference in ranks of ith individual
= nis the number of observations
= r.is the rank coefficient

()

In case of u
individuals receive
the same rank

ese {1 2 | tie length and summation of tj3 -t
o ‘ V:'f_:'.-.:!f:klﬂll Ien gth 86 |




~ Methods to Study Correlation

e COEFFICIENT OF CONCURRENT DEVIATIONS
o Denoting the number of concurrent deviation by ¢
and total number of deviations as m, the

coefficient of concurrent deviation is given by
(2C - m) r also lies between §‘
" = -
Lo =3[+ -1 and 1 , e
m

B . (2c—m) > 0, positive sign both inside and outside
(2c-m) < 0,negative sign both inside and outside

Meaning of Regression

» Regression analysis predicts one variable based on
another, useful in business decisions.

» There can be Estimation of y when x is given,
o Y :Dependent & X : Independent
o It can be vice versa too

« When Correlation is imperfect, we create equation for
yonxorxony as

o Regressionof yonxasy-y =by(x-x)

o Regression of xonyasx-X=bx(y-Yy)

» Regression coefficient COVOuY)E T8

of y on x b = g 2 =g
1 = karl Pearson coeff X

» bxy can be calculated simultaneously



Regression coefficient byx

Measures change in y corresponding: unit change in x
It also denotes slope of the regression of y on x

Properties of Regression Lines

Change of Origin : No Impact

Change of Scale : If original Pair is x,y and modified
pair is u,v. Then,

Change of Scale of

bu = byx = 3 Y

Change of Scale of x

Two regression lines will intersect at the point of their
means. i.e. (X, V)

Relation between Correlation and Regression

r=+ \/bvx xb_ bxy, byx and r wnll-always
- y have same sign

NOTE : by, & byx always have same sign.
Important Points

Pearson's correlation is the best measure.
Methods Limited to linear relationships.
Correlation coefficient of zero doesn't imply
~_independence; no linear relationship.

BT B

= Experienced Variance/Total

1-¢7




Talking about the Number of mutually exclusive,
exhaustive and equally likely events

ma = number of events favourable to A

m = Total number of events P(A) = m, /m

* The probability lies between 0 & 1. i.e. 0 < P(A) < 1

© Sure Event : P(A) = 1 ; Impossible Event : P(A) = 0
Non occurrence of event P(A’) = 1 - P(A) = (m-m,)/m
Odds in favour of A = m,: m-m,

By S T Y o ‘A:"“x"“‘i-"-""*’ ;‘,,....,,_..r,.':_._‘:,;_-;:.i“.\ ,-;_;,l._.; i
| 29 1 %214 ' e > ¥ | A N af & oo | ~nes
crytnng aoout Coins

M gy curtlagt 02

| » Total outcomes : 2" , where n = no. of coins
| o 1 Coin: {H,T}: 2 Outcomes
© 2Coins:{(H,H); (HT); (T,H); (T,T)}: 4 Outcomes

Q. Three unbiased coins are tossed. What is the
probability of getting at most two heads?
o Events against A: (H,H,H) = 1 Outcome
o Total Events : 2° = 8 ; Probability = 1/8
o Eventin Favourof A =1-(1/8)=7/8




e Total outcomes : 6", where n = no. of dice rolls
o 1 Dice:{1,2,3,4,5,6} = 6 Outcomes
o 2 Dice = 36 outcomes etc.

Q. A dice is rolled twice. What is the probability of
getting a difference of 2 points
o Events:{(6,4); (4,6); (1,3); (3,1); (2,4); (4,2);
(3,5); (5,3) } = 8 Outcomes
o Total Outcomes : 36; Probability = 8/36 = 2/9

e Trick for probability of sum of number on dice roll

SV 2 83 1R a5 6 2|8 91105111 12

BMEvents|1 | 2 [3|a|s[e]s[a]a]2]

Q. What is the probability of getting a sum 9 from
two throws of a dice?

o Events from above table = 4

o Total Outcomes = 36; Probablllty 4/36 =1 /9

. Total Cards = 52; All Numbers are in Palrs of 4
e J,K,Q are Face Cards
e Total Groups = 4 (Hearts, Diamond, Club, Spades)

Q. Three cards are drawn together from a pack of 52

cards Probability to get One spade and Two hearts.
G, ) /52 C Total Cards

: Cards o | &- n__ Selected

Cards Total Cards
REIOYP. 3 ]




OR means Addition & AND means Multiplication

e A bag contains 6 white, 4 black & 3 blue balls, 2 balls

are drawn at random. Probability that they are either
blue or white.

otal
(’6C2+?C2)/13C2 Balls
Total , : ¢
e \ Total
vvhites /
Selecting 2 Blues

* Random experiment : Unpredictable process with
uncertain outcomes

» Sample Space : Total possible Outcomes
e Event : Total Probable Outcomes

o Simple Event : Rolling a Dice

© Composite Event : Drawing 2 cards simultaneously
Mutually Exclusive Events : Not more than one
outcome can appear at once, If coin is tossed only H
or T can come.

Exhaustive Events : All possible outcomes included
Equally Likely : All outcomes equally likely

P(AUB) = P(A) + P(B) — P(A N B)

P(AUB U C) = P(A) + P(B) + P(C) — P(A N B)
—P(BNC)-P(ANC)+P(ANBNC)

P(A°) =1 —-P(A) _]




e Two Events are mutually exclusive if P(ANB) = 0
o P(AUB)=P(A)+P(B)

e For Three Mutually Exclusive Events : P (AUBUC) =
P(A) + P(B) + P(C)

e Two Events are exhaustive if P (A U B) = 1

e Three Events are exhaustiveif P(A U B U C) =1

e A BandCare equally Ilkely if P(A) = P(B) = P(C).

e . e
J X '”\. Pl ' 1{\ =l L _‘1 4 ,) .‘; o
e ACILIC E \" ie] ‘t\’({‘
g e g vt Ry s \_»-'n.,«\..re\,,_q Pt I

e Probability of occurrence of A given B has already
occurred represented as P(A/B) or P(A given B)

n(AnB) P(ANB)

P(g) i.e.P(AgivenB) = 2 (B) = P(B)

o |

In General, P(Bn A) = P(A) x P(B|A)

P(AanC)—P(A)xP(A)xP(ACB)

Note : Two events are independent if,

A pit
P(E) _ P(A) = P(A) x P(B) = P(A N B)

n

Mean E(X) = Z(Xi Pi)

Value/expectation

i=1

Variance V(x) = E(XZ) E= [E(X)]

N




Definition

* Index number helps simplify complex changes over
time or across locations by condensing them into a
single, easy-to-understand value

* Expressed in percentage and independent of unit.

Methods to Study

Simple
Aggregative (-L-) Relative

Aggregative Relative

Weighted

For a Data of Stocks

Stock 1990 2000 2010 P1/Po
10 12 15 1.5
20 21 23 1.15
30 31 34 1.13

64 72 3.78

considering
above example




Simple Relative Method

considering  Z(P1/Po) 100 = (3.78)x 100 = 126%
above example n & 3

Weighted Aggregate Method

e Laspeyres’ Index : Base Y P,Q,
year quantities are used as SP.0 X 100
weights ha

e Paasche’s Index : Current 2 PQ, % 100
year are used as weights Y. PyQ,q

* Fisher's ideal Price : G.M. e
of Laspeyres & Paasche’s L xP

o Ma.rshall-Edgeworth - Z Pl QO ir Z PlQl
taking average of the base SP.Qy + 3 P X 100
year and the current year 0Qo 0Qs

The Chain Index Number

Link Relatives (Current yr.) x Chain Index (Previous yr.)
100

Link Relative of Current Year = P, x 100
Po




Simple Relative Method
considering 2(P1/Po) 100 = (8-78) x 100 = 126%
above example n 2 3
Weighted Aggregate Method
e Laspeyres’ Index : Base Y. P,Q,
year quantities are used as TP x 100
weights 0Qo
* Paasche’s Index : Current 2.PQ, x 100
year are used as weights 2. PQ,
q
* Fisher's ideal Price : G.M. —
of Laspeyres & Paasche’s L xXP
* Marshall-Edgeworth : p
+ . P
| taking average of the base - PlQo - PIQI X 100
year and the current year 2. PoQo + 2 RoQ

The Chain Index Number

Link Relatives (Current yr.) x Chain Index (Previous yr.)
100

Link Relative of Current Year = (P,/Po) x 100
Deflated Value

Current Price = Current Price x Po/P;

Price Index of Current Year




SHIFTING AND SPLICING OF INDEX NUMBERS

Two indexes covering different bases may be combined

Original Price Index
Price index of the year to
which it has to be shifted

TEST OF ADEQUACY

Unit Test : Formulas must be unit-independent; most
meet this except simple aggregative.
Time Reversal Test : Ensure formula works both ways
current on base, base on current multiply to unity.
© Po1 x P10 = 1 (Reciprocal of each other)
© Laspeyres’ method and Paasche’s method do not
satisfy this test, but Fisher's Ideal Formula does.
Factor Reversal Test : Product of price and quantity
indices equals corresponding value index
© Po1 X Qo1 = Vo1
© Fisher's Ideal Formula gives this test.
Fisher's Ideal Formula is IDEAL index number
Circular Test : This is an extension to Time Reversal
test and no formula satisfied by this test.
o Simple G.M. of price relatives and the weighted
aggregative with fixed weights meet this test.

x 100




