Ratio, Proportion,
Indices and Logarithm

1.1 Meaning of Ratio: If a and b are two quantities of the same kind (in same units), then the
fraction a/b is called the ratio of a to b. It is written as a : b. Thus, the ratio of a to b =

alb or a : b. The quantities a and b are called the terms of the ratio, a is called the first
term or antecedent and b is called the second term or consequent.

For example, in the ratio 3 : 2, the numbers 3 and 2 are terms of the ratio. 3 is the first
term or antecedent and 2 is the second term or consequent.
1.2 Features of Ratio

(i) Ratio is a fraction. It has no unit.

(ii) The quantities to be compared to form a ratio should be of the same kind. We cannot
have a ratio between 3m and 2kg.

(i11) The quantities to be compared to form a ratio must be in the same units.

For example, ratio between 3kg and 300g = ratio between 3000g and 300g = 3000 :
300=10:1

(iv) Ratios are very similar to fractions. In fact a ratio is usually expressed in the form of
3 : 2, but it can also be expressed in fractional form as 3/2.
(v) The order of the terms in a ratio is important.

: 3 x ; :
x .y is equivalent to — and y : x is equivalent to Y.
X

1.3 Ratio in the Simplest Form or in the Lowest Terms: A ratio a : b is said to be in the
simplest form if @ and b has no factor in common. Thus 3 : 2 is in the simplest form while
20 : 25 is not in the simplest form.

To convert a ratio x : y in the simplest form divide both x and y by the HCF of x and y.

1.4 Comparison of Ratios: A ratio a : b is said to be greater than a ratio ¢ : d if =
or if ad — bc > 0.

1.5 Some Important Ratios
1. A ratio a : b is said to be of greater inequality if a > b and of less inequality if a < b.

Note: (i) If a > b and some positive number is added to each term of a : b, then the
ratio is diminished. (ii) If @ < b and some positive number is added to each term of a
. b, then the ratio is increased.

2. The ratio compound of the two ratios a : b and ¢ : d is ac : bd.
For example compound ratio of 3:4and 5:7is 15: 28.
Compound ratio of 2 : 3, 5:7and 4 :9is 40 : 189.
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3. (i) a*: b* is called duplicate ratio of a : b.
(ii) @ : b’ is called triplicate ratio of a : b.
(111) J;;\/E is called sub-duplicate ratio of a : b.
(iv) a'? : b3 is called sub-triplicate ratio of a : b.
For example, duplicate ratio of 2 : 3 is 4 : 9. Triplicate ratio of 2 - 3 js 8.27
sub duplicate ratio of 4 : 9is f4 .9 =2 :3.
and sub triplicate ratio of 8 : 27 is /8 - 2/57 =2:3

4. One ratio is the inverse of another if their ratio compound is | : |.
Thus a : b is the inverse of b : a and vice-versa.

5. If the ratio of two similar quantities can be expressed as a ratio of two integers, the
quantities are said to be commensurable; otherwise, they are said to be incommensurable

J3 /2 cannot be expressed as the ratio of two integers and therefore /3 and V2
are incommensurable quantities.

6. Continued ratio is the relation (or compassion) between the magnitudes of three or more
quantities of the same kind. The continued ratio of three similar quantities a, b, ¢ is
written as a : b : .

For example: The continued ratio of 2 200, T 400 and Z 600 is 2 200 : T 400 : T 600
=128

2.1 Meaning of Proportion: The equality of two ratios is called proportion.
Ifa:b=c:d wesay that a, b, ¢, d are proportional and, we write a : b : : ¢ : d.
Here a and d are known as extremes and b, ¢ are known as means, d is called the called
fourth proportional to a, b and c.

We always have: Product of Means = Product of Extremes

Tutorial Note: In a ratio a : b, both quantities must be of the same kind while in a
proportional @ : b = ¢ : d, all the four quantities need not be of the same type. The first
two quantities should be of the same kind and last two quantities should be of the same
kind. '

For example: X 6 : T 8 = 12 toffees : 16 toffees are in a proportion.

Here Ist two quantities are of same kind and last two are of same kind.

2.2 Continued Proportion: The quantities a, b, c, d, ... are said to be in continued proportion

if
a:b=b:c=c:d=..
ie. if £=2=£‘
b ¢ d
If a, b, ¢ are in continued proportion then
a:b=p:¢
ie. = b

b =, or b? = ac.
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then b is called mean
a and b.

proportional between a and c. Also c is called third proportional to

2.3 Some important relations derived from the definition of proportion which helps us in

solving problems.

1.Ifa:b::c:d thenb:a=4d:c
For == Ex =
b d
This operation is called invertendo.
2Ifa:b::c:dthena:c::b:d
a c a
F T - =
or b ol = &

This operation is called alternendo.

)
&

2
d

S.UMacbiverd thena+ bbb 'v'edavy

a+b a c+d

. . a C
e. if — g -
1.€. 1 b 7 then 7
a c a c a+b _ c+d
For b=§:>b+1'§+1:> gvEs e
This operation is called componendo.
4. Ifa:b::c:d thena-b:b::c—-d:d
i a a c a—b _e—i
ie. if 3 = E,then i
a c a i a-b _e-d
For E=E:,>b—1—g—1:> ooz
This operation is called dividendo.
S Ifa:b::c:d,thena+b:a-b::c+d:c-d
N .. a c h a+b N c+d
ie. if , = —; then 7 b = o
d
% = % = (1) a-;b = c; (by componendo)

On dividing (i) by (i1)
a+b

’

b c-d
(i) 2 bb = —= (by dividendo)

c+d

a—b

c—d

This operation is called componendo and dividendo.



(i) — =a
a

(lll) (am)n — amn
(iv) (ab)" = a" x b"

n
a a”

(v) 5 =“l;;;

1.(a+b)=az+2ab+b2
2. (a — b)* = a® - 2ab + b*
3. (a+ b)} =d + 3ab(a + b) + b
4. (a - b)® = a® - 3ab(a - b) - b’
5.a> - b* = (a + b)a-b)
6. a® + b3 = (a + b)(@* — ab + b?)
7. a® - b® = (a - b)(@* + ab + b%)
8

Ifa+b+c=0,then a® + b + ¢ = 3abc.
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4.1 Meaning of Logarithm

If @' = n, a and n are positive real number such that @ # 1, then x is said to be the logarithm

of the number n to the base ‘a’ symbolically it can be expressed as follows:
log n = x
a

For Example
(i) 2 = 8 = log,8 = 3
ie logarithm of 8 to the base 2 is 3
(ii) 10" = 10000 = log,,10000 = 4
ie logarithm of 1000 to the base 10 is 4

I 1
N A 21
(i) 3 21 l()g3(81) = -4

4.2 Types of Logarithm

(a) Natural Logarithm. Logarithm of numbers to base e are known as nature logarithm.

(b) Common Logarithm. Logarithms of numbers to the base 10 are known as common
logarithm.

L D S TR S s 1 S P I R D 4471 200 0 IV I I
b B TN T At *g‘ NG, e 1L$.ll o R ‘ T ,’ﬂmjéhmms ruf o b A # %
(1) Two equations ax = n and x = log, n are only transformation of each other and should be

remembered to change one form of the relation into the other.

(ii) The logarithm of 1 to any base is zero. This is because any number raised to the power
zero is one.

Since a° = 1, log,1 =0
(iii) The logarithm of any quantity to the same base is unity. This is because any quantity raised
to the power 1 is that quantity only

Since a' = a, loga = 1
4.3 Fundamental Laws of Logarithm
L (i) log, (mn) = (log, m) + (10g, n).
(i1) log, (%) = (log, m) — (log, n).

(iii) log, (m") = n(log, m).

1
(iv) log, m = WA
m
log, m
(v) log, m = Iogi 5

1L 1f log, N = x, then
(i) log) N = —x



1
1 l P g "
(i1) log, (N) X

(iii) log, (%J =X,

4.4 Characteristic and Mantissa For Common Logarithms

The logarithm of a number consists of two pars, the whole part or the integral part is called the
characteristic and the decimal part is called the mantissa where the former can be known by
mere inspection, the latter has to be obtained from the logarithm tables. . N
(a) Characteristic. (The characteristic of the logarithm of any number greater than 1 is positive
and is one less than the number of digits to the left of the decimal points in the given
number). The characteristic of the logarithm of any number less than one (1) is negative
and numerically one more than the number of zeros to the right of the decimal point. If
there is no zero then obviously it will be —1. The following table will illustrate it.

Number Characteristic
48 1 One less than the
314 s 3 number of digits to
3.12 0 the left of the decimal point
il -1 One more than the
9 -2 number of zeros on
.006012 -3 the right immediately
.0003210 -4 after the decimal point.
(b) Mantissa. The mantissa is the fractional part of the logarithm of a given number
Number Mantissa Logarithm
Log 1873 = (coreeraen 2725) = 3.2725
Log 187.3 = (creeernenes 2725) = 22123
Log 18.73 (oasisnass 2725) = 1.2725
Log 1.873 Y P 2125) = 07775
Log .1873 T R— 2725) = 1.2725

Thus with the same figures there will be difference in the characteristic only. It should be
remembered, that the mantissa is always a positive quantity. The other way to indicate this
Log .001873 = - 3 + .2725 = 32725 = —(2.7275).




The system of equations a,x + b,y + ¢; = 0 and a,x + b,y + ¢, = 0 has

(i) Exactly one i.e. a unique solution if a,b, — a,b; * 0

- . w9 b
(i) If a,b, — a,b; = 0 ie. if — =—, then system has
a b
: : b
(a) infinites many solutions provided ¢, = kc, or «: WP bl %5
a b c “ 2 2
(b) no solution if ¢ #kc; or —-=—= 1



I. A system of two linear equations in x and y has
(1) a unique solution if the graph of the lines intersect at a point.
(1) infinities many solution if the graph of both the lines coincide.

(ii1) no solution if graph of the linear are parallel

I1. (i) Verification is a must, if you are using the graphical method.
(ii) Try to locate the integer solutions so that you may plot the points in correct position.




S.1 Meaning of Quadratic Equations

An equation of the form

ax2+bx+c=0,a;t0
Where a, b, c are real numbers, is called a quadratic equation.

5.2 Roots of the equation

The values of x satisfying the equation ax® + bx + ¢ = 0 are called its roots. These are givenby

—b+\fb2 —4ac

SIS 2a
_ —b—b* - 4ac
B = 2a

5.3 Discriminant

D = b% — 4ac is called discriminant of the equation ax’> + bx + ¢ = 0

5.4 Nature of the Roots
The roots of the equation
ax®* + bx + c =0, a # 0 are
(i) real and equal if D =0
(ii) real, unequal and rational if D > 0 and a perfect square

(iii) real, unequal and irrational if D > 0 and not a perfect square
(iv) imaginary if D < 0




(v) if p+\/a 1S a root, then P“‘\/E is also a root
(vi) if p + ig 1s a root, then p — ig is also a root (i2 =-1)

T T

ld,{‘:;%;‘(yl
T

: k]

z

~b
sum of roots = @+ f=—
a .
C
product of roots = aff =—
a

(i) An equation whose roots are a and [} is given by
x? —(a+pP)x+aff =0

or x* — (sum)x + (product) = 0



6.1 Meaning of Cubic Equation

An equation of the form

ax3+bx2+cx+d=0,a¢0,

where a, b, c, d are all real numbers, is called a cubic equation.

6.2 Relation Between Roots and Coefficients
If a, B, vy are the roots of the cubic equation

ax3+bx3+cx+d=0,a¢0,

then
—-b

a)a+B+v=7;
(ii) aB+Bv+m=£—

(iii) afy = =4
a



7.1 Distance Between Two Points

The distance between any two points in the plane is the length of the line segment joining thep

The distance between two points P(x;, y,) and Q(x,, y,) is given by

PQ = \/(xz —x)? + 0 -0

= \/(difference of x coordinates)2 + (different of y coordinates)2

If O is the origin and P(x, y) is any point, then
OP = \J(x-0)* +(y-0)2 =yx2 +)2 .

7.2 Section Formula
(a) Formula for Internal Division. The coordinates of a point which divides the line segment
joining the points (x,, y;) and (x,, y,) internally in the ratio m : n are given by
_ mx, +hx; _my, + ny
(b) Formula for External Division. The coordinats of a point which divides the line segment
joining the points (x,, yp) and (x,,y,) externally in the ratio m : n are given by
_ mxy —nx _ my, —ny

X=——m—,Yy
m-n m-—n

In order to prove that a given figure is a
() Square : Prove that the four sides are equal and the diagonals are also equal.

(ii) Rhombus (but not a Square) : Prove that the four sides are equal but diagonels are not
equal.

(iii) Rectangle : Prove that opposite sides are e

(iv) Parallelogram (but not Ractan
are not equal.

Note that in each case diagonals bisect each other.

qual and diagonals are also equal.
gle) : Prove that the opposite sides are equal but diagonals



7.3 Area of a Triangle
The area of AABC with vertices A(x,, y,), B(x,, y,) and C(x3, ¥3) is given by

A= %[(xl(yz =13)+x(r3 -y +x300 - »2)]-

7.4 Condition of Collinerarity of Three Points

Three points A(x,, y,), B(x,, ¥,) and C(x,, y,) are collinear if all the three points lie on the same
line ie if area of AABC = 0

ie if xl(yz—y3) +x2(3’3 =¥ + x5y, —yp) = 0
OR
AB + BC = AC or AC + BC = AB or AC + AB = BC

An equation of the form ax + by + ¢ = 0, where a, b, ¢ are any real numbers not all zero,

always represents a straight line.

9.1 Slope of the line joining two points (x, y,) and (x,, y,) is given by
Y2 =M

m=t=——

Xy =X

9.2 The slope of the line ax + by + ¢ = 0 (@ # 0) is

9.3 The slope of the line parallel to x-axis is 0 and perpendicular to x-axis is undefined
9.4 If three points A, B and C are collinear, then
Slope of AB = Slope of BC = Slope of CA

Intercept of a line on x-axis. If a line cuts x-axis at A and y-axis at B, then OA and OB are
known as intercepts of the line on x-axis and y-axis respectively.

The intercepts are positive or negative according as the line meets with positive or negative
direction of the coordinate axes.

11.1 The Equation of x-axis is y = 0

11.2 The equation of y-axis is x = 0



11.3 The equation of a line paralle] to y-axis at a distance of ‘a’ from it is x = *a

The sign is taken positive or negative according as the distance a is on positive ¢
negative side of x-axis. '

11.4 The equation of the line parallel to x-axis at a distance of ‘b’ from it is y = +b. The
sign is taken positive or negative according as the distance b is on positive or negative
side of y-axis. |

12.1 Slope-Interapt Form The equation of a line with slope m and making an intercept
C on y-axis is y = mx + C.

12.2 Point-Slope Form The equation of a line passing through the point (x;,y,) and having -
slope m is given by y — y, = m(x - x))

12.3 Two-Point Form The equation of a line passing through two points (x;,y,) and
(x,, y,) is given by :

Ja =¥
y-yn=2—(x-x)
Xy &
12.4 Intercept-Form The equation of a line which cuts off intercepts a and b on x-axis
and y-axis respectively is givenby

a b2 - Gy
b
(ii) Parallel if —L =L
as b2
(iii) Perpendicular if a,a, + b;b, = 0
al bl

(iv) Intersecting if they are neither coincident nor parallel ie if — = 3 ie ajb, - ab) # 0.
a

The equation of a line parallel to a given line ax + by + ¢ = 0 is ax + by + A = 0, where A i
a constant.

Thus to write the equation of any line parallel to a given line we keep the expression containing
x and y same and replace the constant term by A which is determined by the given condition:




The equation of a line perpendicular to a given line ax + by + c =0is bx —ay + AL =0, where
) is a constant.

Thus to write a line perpendicular to a given line we proceed as follows :
(i) Interchange the coefficients of x and y

(i) Change the sign of one of the coefficients.

(iii) Replace the constant term by another constant A which is determined by a given condition.

The length of perpendicular from the point (x,, y,) to the line ax + by + ¢ = 0 is given by
ax 1 + byl +cC

a* +b?

/170 DISTANCE BETWEEN TWO PARALLEL LINES

To find distance between two parallel lines take an arbitrary point on one line and find the length
of perpendicular from this point to the other line. To choose a point on one line give any value
to x or y and find the values the other variable.

/180 FAMILY OF LINES THROU

The equation of any line passing through the intersection of the lines
ax + by + ¢ =0and ayx + by + ¢, =01s
ax + by + ¢ + Mayx + by + ¢,) =0

Where A is a parameter

g ot

19.1 Centroid The point of intersection of the medians of a triangle is called its centroid. If

(xy5 ¥p)s (x5, ,) and (x3, y;) are the vertices of a triangle, then the coordinates of its centroid
are

b

3 3

19.2 Incentre The point of intersection of internal bisectors the angles of a triangle is called
its incentre. If A(x},y,), B(x,, ¥,) and C(x,, y;) are the vertices of a triangle such that BC
= a, CA = b and AB = c, then the coordinates of its incentre is

(ax] +bxy +cx3  ay + by, +cyy J
a+tb+e a+b+c

(axl +bxy +cx3 ay, +by, +cys )

Determine the ratio in which the line x + 2y — 9 = 0 divides the segment joining the points
(1, 3) and (2, 5).



Matrices

rl

A set of m x n numbers arranged in the form of rectangular array of m rows and n columns is
called a (m x n) matrix (to be read as ‘m’ by ‘n’ matrix) and the whole array is denoted by A.

An m X n matrix is usually written as A = where a; denote ith row & jth column element.

[aij] mxn

[ =
a4 a3 .- 4y,

ay1 Ayy Ayq ...A
A 21 %22 %23 2n

Laml A2 A3 - amn_mxn

Notes:
1. The individual numbers in a matrix are called the elements.
2. A horizontal arrangement of the numbers in a matrix is called a row.
3. A vertical arrangement of the numbers in a matrix is called a column.
4. The number of rows and the number of columns in a matrix is called the dimensions
of a matrix.
5. Any matrix that has the same number of rows as it has columns is called a square matrix.

2 1
Example: A = |3 4
2 6
In the above matrix,
Elements of Matrix =2, 1, 3,4,2,6
Elements in Row 1 : g, = 2,a,= 1
Row 2 : a,, =3,a22=4
Row 3 :a, =2, a5 = 6,
Elements in Column 1 : a,, = 2, a,, =3, a3; =2
Column 2 : a,=1,ay = 4, ay, = 6
m = Total No. of Rows in Matrix = 3
n = Total No of Columns in Matrix = 2

Order of Matrix =m x n=3 x 2







