CHAPTER 5

TRIGONOMETRY
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5.1. QUADRANTS AND TRIGONOMETRIC RATIOS:

(II Quadrant)
X<0,Y>0
sin +
cos —
tan —

4

Yy

(I Quadrant)
X>0,Y>0
| sin +
cos +

tan +
- X

(ITI Quadrant)
' X<0,Y<0
sin —
cos —
tan +

(IV Quadrant)
X>0,Y<0
sin —
cos +
tan —

The following are the values of the trigonometric ratios

for some specific angles: =

_i 0 radian sin 6 cos. 0 tan 0
L 0 0 1 0

30° T 1 V3 L
- 6 2 2 V3

450 n 1 1 1

; T | &

60° n N3 1 V3
—— 3 2 2

90° n ) 0 .
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8° 8 radian sinf cos 0 tm
X Zn \/_3— ‘ 1 . _\\
1200 | 3 5 9 N3
i35 4 V2 V2 =1 |
T T \ 1 3 1
\ 6 9 2 V3
| 180° | m 0 -1 0
C \ Tn 1 B L
| 210 6 2 "2 V3
. om 1 1
225 4 Nz ~Jz 1
- . 4 \/§ =
} 240° R -5 L ‘% V3
[270° §2_1r -1 0 =
I 5 V3 1
/ 300° o -l 2 -3
O Tn 1 1
315 7 vz | !
. 117 1 V3 L
330 6 2 2 .3

5.2. COMPLEMENTARY ANGLE:
If 0 is an acute angle, then (90°-0) is called its

complementary angle.
If the sum of two angles is 90° then the two angles art

called complementary to each other.
1. sin (90° — 6) = cos 6
2. cos (90°—60)=sin 6
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tan (90° - 0)=cot 9
cot (90° - 6) =tan 6
cosec (90° — 0) =sec 0

sec (90° — 0) = cosec 0

[I Quadrant:

1.

10.
11.
12.

2
3
4
5
6.
7
8
9

sin (90° + 6) = cos O
cos (90°+6)=—sin O
tan (90° +0)=—cot 0
cosec (90° + 0) = sec 6
sec (90° + 0) = — cosec O
cot (90°+0)=—tan O
sin (180° — 0) = sin 0
cos (180° — 8) = — cos 0
tan (180° - 0) = — tan 0
cosec (180‘o —0) = cosec 0
sec (180° - 0)=—-sec O
cot (180° - 0) = — cot 0

I Quadrant:

1.

© o N o g W N

sin (180° + 6) = — sin 0
cos (180° + 8) = - cos 6
tan (180° + 6) = tan ©
cosec (180° + 8) = — cosec 0
sec (180° + 0) = — sec 0
cot (180° + 0) = tan @
Sin (270° - 9) = — cos @
€os (270° - 8) = — sin 0
tan (270° - @) = cot 6
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tric Ratios for Angles > 90°:
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10.  cosec (270° - 0) = - sec 9
11. sec (270° - 8) = - cosec 0
12. cot (270° - 0) =tan

IV Quadrant:

1. sin (270° +0)=-cos O
2. cos (270° + 0) = sin §
3. tan (270°+9):-_c0t9‘ |
4, cosec (270° + 0) = —sec 0
5. sec (270° + 0) = cosec 6
6 cot (270° + 8) = - tan 0
7 sin (360°-e)=-s'ine
8 cos (360° - 9)'= cos
9.  tan(360°-0)=-tan 6

10. cosec (360° — 0) = — cosec

1L | sec (360° — 6) = sec 6

12. cot(360° - 8) =-cotd
Trigonometric ratios for Negative Angles:

Positive angles are measured in the anticlockwise

direction. Negative angles are measured in the clockwise
direction. '

—

sin(—6)=—sin6
cos (-0)=cos O

tan (-0)=-tan 0

2
3
4. cosec (- 0) = - cosec 0
5. sec(-06)=sech
6

cot (—8)=-cot 6.
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tric Identities:
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24 _
1. sin2@+cos” 8=1

5. sec?®-tan” 0 =1
3. cosec” 6 — cot? 6=1 | |
5.3 ADDITION AND SUBTRACTION FORMULAE:
| sin (A +B)=sinA cos B +cos A sin B
9. sin (A —B) =sin A cos B — cos A sin B.
3. cos(A+B)=cosA cos B-sinA 'sinB
4 cos(A-B)= cos-A cos B +sin A sin B

tan A + tan B
% tanid-+B)= 1-tan A tan B
6. tan (A - B) = tan A — tan B

1+tan A tan B
o.4. MULTIPLE ANGLE IDENTITIES:‘

1. sin 24 = 2 sin A c_osA=—2«ta—n?~
l1+tan“A

2. c08 24 = cos? A — sin A
=1-2sin% A
=9 coszA— 1
_1l-tan®A
1+tan? A
3tangq - _2tanA
1-tan?A

sin? 4 _1-cos 24
2

cos® 4 = 1+ cos 24
3 2

[

5.
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6. sin3A =3 sinA-4sin*A -
7. cos 3A =4 cos’ A -3 cos A

3tanA—tan3A
1-3tan2A

8. tan 3A =

Sub-multi;ile angle formulae:

2tan A/2
1+tan” A/2

1.sinA=2smA/2cosA/2=

2. cosA=cos’A/2 - sin A/2
=1- 2sm A/2
=2 cos® A72-1
_1-tan®A/2
1+tan®A/2

2tan A/2
1-tan%A/2

Half-angle Formulae

3. tan A =

. smA/Z- 1- COSA

2. cosA/2 = 1+COSA

A [l-cosA  sinA  1-cosA
e ban e = J1+cosA " 1l+cosA  sinA

Some more Important Angles:

V5 —1 e V5 #1
1 2. cos 36° = 4 |

1. sin 18° =
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53 PO (c-p
1. sinC+ sin D =2 sin 2 cos 2
5. sin C —sin D = 2¢O 2 ) L 2
C+D) (C-D
3. cos C +COS D = 2‘cos 3 J &

¢ /
| - . ([ C+ . (C-D
4.cosC—cosD=—251n[ J si ( 5 ]
Formulae in Terms of tan A/2: |
Assume tan A/2 =t

2t

1. sinA = 5
1+t

2

2. cosAz1 t2
1+¢

3. tan A = 2‘2'
1-¢

5.6. GENERAL SOLUTIONS: |

General solutions of sin 0 =0, cos 6 =0, tan 6 = 0.
L If sin®=0 then O=nn,ne z.
2. If cos 6 =0 then 6 = (2n'% 1) /2, n€z
3. If tang = 0 then 6=nmn,ne€ z.

Solut; When trigonometrical equation 1is solved, among all
2) ilons the solution which is (1) in [-n/2, n/2] for sine,
o w2 » ©/2) for tangent and (3) 1n [0, w] for cosine, are

DI‘
G ‘cipal Val‘les of those functions.
eneral SOl
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1.\’If sin @ =sino, o€ [-n/2, n/2] then
9=nn+ (-1 "o where ne z.

9 If cos@=cosa.oe€ [0,n] then
§=2nnto, where ne€ z.
3 [ftan@=tana, o€ (-n/2,n/2) then
f=nmn+o,nez.

5.7. INVERSE TRIGONOMETRICAL FUNCTIONS:

—

Function Domain | (Prin(I:{i;glg ialue
1. |y=sin lx ~1<x<1 ~n/2<y<n/2 ik
2 |y=cos iy “1gx<1 0<y<n )
3. |y=tan 'x R —-N/2<y<m/2 f
4. yzcosec—lx x2lorx<-1 —n/2<_y<n/2;;
5. yz'sec~1x | x>lor x<-=1 O<y§n;y¢n/;
6. yzcot_lx R O<y<m )

——

5.8. PROPERTIES OF PRINCIPAL INVE}
TRIGONOMETRIC FUNCTIONS:

L. sin” 1 (sinx)=x

a1
. tan * (tanx)=x
cosec !
Sec -~ (cosec x) =y

cot ™1 (cot X)=x
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-1
i ) 1 cosec
2 sSin X
(1) -1
cos 1| = |=sec " x
X
1 ~1
tan W= |=cot” " x
X
. ~1( 1 . -1
cosec — |=sin” " «x
X
_ 1 .
sec 1| = |=cos™ 1 x
X
1 _
cot 12 = tan X
X
3. sinl(-x)=—sin lx

-1 _
cos” " (-x)=mn-cos lx

_1 _ )
tan” " (-x)=-tan 'x

cosec 1

1 _
(—x)=-cosec "«x
_1 _
Sec " (-x)=mn-sec lx

-1 . .
@t " (-x)=-cot™lx

. _1 _ -
sin" ' x 4 cog™ 1y = /9

1 _
tan™  x 4 cot oy =n/9

sec™ 1 _

5

tap= 1 .
" X+tan y=tan !| X2+Y
6 1‘-‘_‘3'
: Sin“l '
X+ o 5
sin” 'y = gin~ ! xﬂfl_yg +y\/'1#x )
Cog~ 1

o S e
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|

— -1 [ 2 PR
cos Lx-cos 'y =cos vy +\1 - ﬁj

. =1 =1L 2 o
sin 'y-sin oy =sin XNT =y —y mj

— —_ - ' .x + \/ —~ Y\~ \
an ' x+tan ! y+tan ! z=tan ! -\M\W '

5.9. SOLUTIONS TO A TRIANGLE:

A

1. Sine formula;:

In any triangle ABC,

where R is the radius of the 'circumcircle of the trian
ABC.

Note:.a = 2R sin A;b=2R sin B; ¢ = 2R sin C
2. Napier’s formula:

In any triangle ABC,

_ A—B-_a—.b c
tan o = cot(z)

a+b

3. Cosine formula:
In any triangle ABC,
a’=b% 4 c? - 2bc cos A.

- b2 + 02 o2
Note: cos A =-

i
2bc .



1 ML,
-4, projection formula
" In any triangle ABC.

d:bcosC+CCOSB

ultiple angle formulae:

5. Sub-m
. A | (S - b) (S . C)

(1) sIn ’2’.: be

A _A]ss-a)

(i1) cos 9~ bc

. tamé:\/(s-b) (s-c)

2 s(s+a) -

where s =Lb+c

6. Tangent formula:

(A +B
tan
a+b 2
b= [ aA_
. 2 )

7. ' .
- Area formulae: (A denotes area of a triangle)

In any triangle ABC.

_ 1
L A=§absinC.
2. A:@
4R

3 A9 p2 .
2R SIn A sin B sin C
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A:\/s(s'—a) (s-b)(s

A
A=rs = r:;

2sinBsinC
sin(B+C)

A=ta
=5
A=r? cot A/2 cot B/2 cot C/2

A=82 tan A/2 tan B/2 tan C/2

A:(s—tvt)(s';b)(s—c)
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